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We consider the spacetime dynamics of a gas of closed strings in the context of General Relativity 
in a background of arbitrary spatial dimensions. Our motivation is primarily late time String Gas 
Cosmology, where such a spacetime picture has to emerge after the dilaton has stabilized. We 
find that after accounting for the thermodynamics of a gas of strings, only string modes which arc 
massless at the self-dual radius are relevant, and that they lead to a dynamics which is qualitatively 
different from that induced by the modes usually considered in the literature. In the context of an 
ansatz with three large spatial dimensions and an arbitrary number of small extra dimensions, we 
obtain isotropic stabilization of these extra dimensions at the self-dual radius. This stabilization 
occurs for fixed dilaton, and is induced by the special string states we focus on. The three large 
dimensions undergo a regular Friedmann-Robertson- Walker expansion. We also show that this 
framework for late-time cosmology is consistent with observational bounds. 
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o 

I I. INTRODUCTION 

The String Gas Cosmology (SGC) program, initiated in 0, (see also 0) is a string-motivated cosmological 
Q\ 1 model within which it appears possible to obtain a nonsingular cosmology in which a universe with three large 
spatial dimensions is dynamically generated from initial conditions in which all spatial dimensions have a similar 

■ microphysical scale. The scenario is based on coupling a gas of string and brane matter degrees of freedom to a 
dilaton-gravity background geometry. As initial conditions, space is chosen to be compact and of string length in all 

■ directions, and matter is taken to be a hot gas with all string and brane degrees of freedom excited. The specific 
stringy degrees of freedom which have both winding and momentum quantum numbers play an important role in the 

""■-»» dynamics of the early universe. There has been a steady stream of research on this scenario over recent years (see e.g. 



In spite of its above mentioned main successes, SGC has encountered important obstacles (some of them yet to be 
resolved) which stand in the way of SGC being a complete and testable model of the early universe. These obstacles 
arise in attempting to implement the ideas introduced in [lj and |fj in realistic string/M-theory settings. Chief 
among them, was the observation that a dynamical dilaton proved crucial in stabilizing the extra dimensions (radion 
. ' stabilization was first considered in |l8()i and as such posed a problem for stabilization in the present epoch (see e.g. 

[25ll30l |). However, this was not so much a general conclusion rather than an observation about the particular role the 
dilaton played in the specific realizations studied. Several other outstanding issues concern the question of stability 
of the extra dimensions to fluctuatons (addressed in [22I l24j at the level of linear cosmological perturbation theory), 
the phenomenology of having a space-filling fluid of strings to maintain stabilization (we do not want to overdose 
the universe, whilst still maintaining an effective stabilization mechanism), and the consistency in using a low-energy 
effective theory at compactification radii comparable to the string scale. Also, a concern has recently been raised 
|3lLl32| concerning the ability of string winding interactions to only annihilate in three large spatial dimensions. 

It is the goal of this paper to report on recent work which not only hopes to resolve some of the outstanding difficulties 
faced by SGC, but also points to a resulting model of the universe which is surprisingly complete, and potentially 
testable by observation. As such, this report constitutes the first in a series of papers [40l l4l| . where this particular 
pa per will primarily elaborate on a model of the universe where extra dimensions (not just one extra dimension as 
in |23j) are stabilized at late times (i.e. assuming the dilaton is fixed) by a confining potential induced by a string 
gas which contains modes which are massless at the self-dual radius. A subsequent report will further investigate 
the resulting phenomenology and point to potentially testable predictions arising from the model introduced here 
40] . There are already preliminary indications that the model we are studying contains a stringy mechanism for the 



* email: 
temail: 



patil@het.brown.edu 
rhb@hct.brown.edu 



2 



generation of metric fluctuations [40j and may even offer applications to the construction of a nonsingular realization 
|4l| of the Ekpyrotic/cyclic universe scenario |42l l44j . 

Key to the results of this paper (and the phenomenology which follows) is the special roleplayed by massless 
string states, whose utility has been generally neglected - see, however, the discussions in |2^,[2g. In the following 
introductory section we begin by clarifying the philosophy of SGC, and then give a preview of some of the special 
properties of the massless string states which explains their vital role in SGC. After discussing the outstanding 
problems of SGC, we offer our ideas for resolving these problems within our framework. In Section III, we set up our 
model, study the effects of a gas of strings in a background described by Einstein gravity (fixed dilaton), and derive 
the resulting spacetime dynamics. We show that it is possible to stabilize any number of extra dimensions, making 
crucial use of the massless string states. In Sections IV and V, we demonstrate that this stabilization mechanism 
leads to a phenomenologically acceptable late-time cosmology (modulo the outstanding issue of the horizon problem 
of the three large dimensions). In particular, we show that Friedmann-Robertson- Walker (FRW) expansion of the 
universe results after the extra dimensions have stabilized. 



II. SGC: PHILOSOPHY, PROGRESS AND PROBLEMS 

String Gas Cosmology is a paradigm constructed along similar principles as the Standard Big Bang Cosmology 
(BBC). Beginning with the observation of spatial homogeneity and isotropy of the universe on large scales, BBC is 
the cosmology that results when one couples a theory of space-time (Einstein gravity) to matter described as a set of 
ideal gas fluids (or a homogeneous distribution of fields as in the Inflationary Universe scenario , an extension of 
BBC which solves some but not all of its problems), and assumes "hot" initial conditions, i.e. that all matter degrees 
of freedom are highly excited. 

The philosophy of String Gas Cosmology is similar. Instead of a homogeneous set of ideal gases or fields, one 
takes matter to be a gas of all string and brane degrees of freedom which string theory admits, and the background 
space-time is described not necessarily in terms of Einstein gravity, but in terms of the particular gravity theory (e.g. 
dilaton gravity) which depends on which corner of the string theory moduli space one picks to be in. Novel features 
of SGC compared to BBC include the existence of extra dimensions and extra fields (form fields and scalars) and 
the existence of new symmetries (dualities) relating the various corners of moduli space. The existence of extended 
objects in the matter sector allows for a radically different coupling between matter and geometry as these objects 
feel the metric tensor in a manner different from what the naive application of intuition from BBC would imply. The 
new matter degrees of freedom also generate their own new symmetries (e.g. target space (T) duality) and cause the 
dynamics of spacetime to be very different than in BBC. The peculiar features of string thermodynamics, such as the 
existence of a limiting Hagedorn temperature |46j also serve to ensure that any stringy cosmology implemented in the 
spirit of BBC will have qualitatively different features. 

What then are the consequences of attempting to do cosmology in the framework outlined above? In addition to 
the fact that T duality raises the hope to be able to construct a nonsingular cosmology the main result (and in 
fact the main motivation for the SGC program) is that it is possible to generate a 3+1 dimensional universe through 
the dynamical "decompactification" of an early universe where all directions are initially taken to be compact and 
of similar size 0, @, Il8| . The way this works can briefly be summarized as follows: suppose we begin with a 10- 
dimensional toroidal universe, where all dimensions start at or around the self dual radius (R = Va*). Populate this 
universe with a gas of strings in thermal equilibrium. Due to the presence of closed strings wound around the various 
cycles of the 10-torus, there is an energy expenditure associated with any expansion of a particular cycle, given by 
the relation: 

E 2 ~ w 2 R 2 , (1) 

where R is the radius of the one-cycle and w is the winding number of a string wound along that cycle. Hence, the 
expansion of all of the cycles of the 10-torus should be held in check by the presence of these wound strings, so long 
as there are enough of them around. However, we know that oppositely wound closed strings like to scatter into 
unwound strings through the tree level interaction w + w — > ... (where the ellipses denote unwound strings). If we 
begin near a state of thermal equilibrium, with the tree level string interactions maintaining a non-zero population 
of wound strings, we can then ask the question under what conditions is it possible to maintain this state of thermal 
equilibrium? A naive dimension counting argument [lj tells us that the scattering cross-sections that describe winding 
mode annihilation depend on the dimensionality of spacetime. For instance, on a two dimensional torus, wound strings 
are very likely to intersect at some point. The same is true in three dimensions. However, in more than three spatial 
dimensions, the subset in phase space of initial conditions for which two wound strings intersect is of measure zero: 
strings will generically miss each other (for some recent concerns with this argument see |3ll H^)- Hence, in a 
background of any number of spatial dimensions, one finds that in at most 3 spatial dimensions these strings can 
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meet each other, and hence unwind. It is in these dimensions that the universe is then free to expand if there is an 
initial expansion in place, the interactions having frozen out in the other dimensions. This stringy explanation for 
the dimensionality of spacetime Q has been generalised Q to a setting where in addition to strings, one has branes 
of various dimensions present in the initial state of the universe. 

Implementing the above argument in realistic settings has been the focus of much of the literature on SGC to date. 
In addition to the successes of this program, there are many open issues which remain. Among the successes is the 
result that isotropy of the 3-dimensions which subsequently describe our universe is a consequence of the dynamics 
of SGC [lOj. Progress has also been made in implementing SGC for more realistic compactiheations of string theory 
(which do not neccesarily admit topological 1-cycles- a pre-requisite for the existence of winding modes) 0- However, 
a major obstacle to the success of this program is the fact that in the realizations of the SGC scenario to date, a 
dynamical dilaton proves to be crucial in obtaining stabilization of the extra dimensions [T^|. An argument Q for 
the neccessity of a dynamical dilaton for the stabilization of the extra dimensions is that in general relativity, matter 
tends to cause monotonic expansion or contraction of the universe: 

H 2 k P , (2) 

and hence obtaining stabilization (H — 0) would be problematic. However, this intuition is flawed since it is based 
on assuming that one has isotropy of all dimensions. If instead we assume isotropy in the non-compact and separate 
isotropy in the compact dimensions then the time-time Einstein equation becomes: 

P = tt— 7=r~ W - l)H 2 + p(p - 1)H 2 + 2pdHH] , (3) 

where Gjj is Newton's gravitational constant in the full space-time, d is the number of spatial non-compact dimensions, 
p the number of compact dimensions, H the Hubble rate in the non-compact dimensions, and Ti the Hubble rate in 
the compact dimensions. Hence one could easily have an oscillating TL provided H is large enough. In the case of one 
extra dimension, this was shown explicitly in 23]. 

Another reason why a dynamical dilaton was included in most of the previous work on SGC is that in the Type II 
string theory corners of the M-theory moduli space the dilaton appears at the same footing as the graviton. Hence, 
in the absence of a mechanism which stabilizes the dilaton, this field should be taken to be dynamical. A dynamical 
dilaton also is crucial in order for T-duality to be manifest. 

However, in the current universe there is no evidence for a dynamical dilaton, and hence, if SGC is to make successful 
connection with current observations, it must be assumed that the dilaton is stabilized (ideally, this should be a result 
of string cosmology itself). A crucial question for SGC is, therefore, whether the extra dimensions remain stable after 
the dilaton has been fixed. 

The main goal of this paper is to show that any number of extra dimensions can be stabilized in the context of 
General Relativity (GR) (i.e. without a dynamical dilaton), and hence to extend the results of SGC to be applicable 
to late time cosmology. We find preliminary indications that the resulting cosmology has rich phenomenological 
implications (this will be discussed in more depth in a followup report [40]). In addition to being stable to radion 
fluctuations there is a potential non-inflationary mechanism for generating metric fluctuations |4l| . 

The workhorse of this cosmology are string modes which are massless at the self-dual radius, and whose role was 
discussed in a previous paper where the stabilization of a single extra dimension was studied [2ij. These modes are 
related to enhanced symmetries at the self-dual radius (see e.g. [2(| for more general discussions). We argue 
that these states must play a crucial role in SGC, and neglecting them will lead to incorrect conclusions about the 
cosmological evolution. 

The role of these special states is also important in addressing a common objection to SGC (and all other approaches 
to string cosmology), namely questioning the use a low energy effective theory description (dilaton gravity or GR) 
in a situation when characteristic lengths are around the string scale. The loop expansion breaks down once one 
reaches curvature regimes comparable to the string scale, and hence calls into question the consistency of the effective 
theory we are interested in. However, we will be studying the physics of certain massless modes which appear at 
enhanced symmetry points (i.e. the self dual radius), and as such describe new degrees of freedom that appear at 
these special points. Since the existence of these new degrees of freedom will transcend higher order corrections, we 
feel justified in using their perturbative properties. Perhaps an equivalent QFT intuition would be that just as the 
photon mass remains zero due to gauge invariance after higher order loop corrections are taken into account, we expect 
the properties of these states to similarly transcend higher order loop corrections due to the enhanced symmetries 
associated with them. 

An open issue for SGC^^| is the concern that the states which keep the radii of the extra dimensions confined 
might overdose the universe. This concern would indeed be valid if these states were Planck mass objects (like string 
states with only winding number). However, if stabilization is achieved by a fluid of strings which are massless at the 
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self-dual radius, and which from the point of view of the large spatial dimensions behave as a gas of massless states, 
the overclosure concern disappears, and one can achieve an acceptable cosmology. This has already been shown in a 
model with one extra dimension 23], and we will demonstrate that the situation is the same in our model (though a 
detailed study shall form a separate report [iojl. 

However, it is important to stress that these massless modes which are so important for SGC to be viable appear 
naturally in our framework rather than as an ad hoc input. We now turn to the discussion of the model. We have 
left the total number of spactime dimensions D and the number of compact dimensions p arbitrary, with different 
choices corresponding to various corners of the string theory moduli space. Later we will of course be studying the 
case where D — p = d = 3 (three non-compact spatial dimensions). 



III. THE MODEL 



We will be doing Einstein gravity in the presence of string sources. This is the late time scenario that has to result 
in SGC after the dilaton has been fixed. We wish to determine whether it is still possible to stabilize compact extra 
dimension in SGC after dilaton stabilization. We refer to this as a 'late time' scenario. We assume that the dilaton 
is robustly stabilized, and can hence be taken as a constant in what follows. We start then by assuming that the 
universe has the topology of K rf x T p , where d is the number of non-compact dimensions and p is the number of 
toroidal dimensions, both of which we leave general for the moment. We make the metric ansatz: 

D 

ds 2 = -dt 2 + J2 a i(*)dx 2 , (4) 
i=i 

where D is the total number of spatial dimensions. The resulting Einstein equations — SnG^T^) can be recast 
in the form: 

1 ^ 1 



(E J) = 8 - G ^ [* - d=x 5> + d~t p ] • (5) 



a,i + a _ 

j=a ~~ J ~ j=i 



One then has to determine what the energy momentum tensor for a gas of strings (with a fixed set of quantum 
numbers) is, in order to proceed. One can obtain this directly from the Nambu-Goto action for a single string (after 
hydrodynamically averaging) 23]. We offer a derivation of this result in the appendix. However, it turns out that one 
obtains the same answer if one was to introduce the following 'matter' Lagrangian density: 

S string = — J V~G ^p t ^^ N \N(t) e a,w ,p,N ,N ' (6) 

where G is the determinant of the full space-time metric, the subscripts indicate that the number density (fj,) and the 
energy of a given string state (e) depend on its particular quantum numbers. The notation is as follows: n describes 
the momentum quantum numbers along the compact directions, which have been organised into a p-dimcnsional 
vector. Similarly, w describes the winding quantum numbers, N and N are the oscillator levels of the string state 
and p is the center of mass momentum along the non-compact directions, organised into a d = D — p dimensional 
vector. We see that this naively corresponds to introducing the appropriate 'interaction energy' term to our action. 
If one (we shall drop the subsripts momentarily) factors out the metric dependence of the number density 

where g is the determinant of the spatial part of the metric tensor, one is left with: 



^string 



J y/-Gool*o{t)e, (8) 



which, once we consider the thermodynamics of the system, corresponds to the treatment given in 0- 

The mass of a closed string in a background where p dimensions are compactified on a torus, described by the 
metric j a b, 1 < a, b < p, is given by [HI (n a , w a e Z): 



< m N = ^ a "n a n b + ^r 2 la b w a w» + -(N + N - 2) , (9) 
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where this formula is subject to the level matching constraint: 

N = n a w a + N 



(10) 



and R describes the coordinate interval for each cycle of the torus: x a = 6 a R, < 9 < 2ir, which can be set to unity 
(the physical lengths of cycles being described by the metric 7). We can re- write the above as: 



"*W,jv = K7 l n) + -4 ( w ' 7*0 + —, (N + N - 2) , 
a z a 



(11) 



where (n, w) — n a w a is the standard p-dimensional real scalar product. We now use (|10|) to solve for N in Ijlll) . which 
gives us the following expression for the energy of a closed string in such a background: 



1 



~r= Vu'pl.c. + (n, j~ 1 n) + (w, fwj + 2(n,w) + A(N - 1) , 



(12) 



where j a b — 7 a &/a' , and p\ c is the center of mass momentum along the non-compact directions. 

Notice that we are not ignoring the oscillator modes, as is customary in the SGC literature. This allows us to utilise 
the level matching constraint in such a way that the above expression for the mass of a string mode contains a perfect 
square when all compact dimensions are at the self dual radius (*f a b = Sab)'- 



1 r 

a 



(n + w,n + w) + 4(7V - 1) 



This should be contrasted to the expression obtained when oscillator modes are neglected at the outset: 

' (n, n) + (w, w) 



(13) 



(14) 



which only vanishes for completely unwound strings, and hence fails to capture the wound states that become massless 
at enhanced symmetry points. These states prove to have very special properties and should not be ignored in any 
study of string gas cosmology. 

Returning to the question of deriving the energy momentum of a string gas, one can insert the expression O into 
(JSJ) to arrive at: 



Pn,w 
Pn,w 

p a - - 



M0,rv 



Ert,w V ' 



-G 



-G 



(15) 
(16) 
(17) 



where b a — b a j\fo! (where b\ is the a th diagonal component of the metric of the torus). Henceforth n, w shall serve 
as an abbreviation for the full set of quantum numbers, which include N and p 2 as well. Note that the above can 
be obtained directly from the Nambu-Goto action p^ . as shown in the appendix. We can immediately infer several 
qualitative conclusions from the above form of the energy momentum tensor. We see that according to (|17fl . winding 
quantum numbers contribute a negative pressure along the compact directions whereas momentum quantum numbers 
do the opposite. Along the non-compact directions, the fluid of strings exerts a positive pressure as is typical for a 
gas of point particles. 

The equations of motion (J5J for both the compact and the non-compact dimensions which result from the above 
are given by: 



di + a 2 



\ ^ a,- 



3¥* 



b 0c 



— ~ Wj>a 



'Z/ 2 yJG 



a ' n . a' a 



bl 



(D-l 



•[{w,iw) + (n,w) + 2(N- 1)] 



8irGD^0,n,w \Pn.c. 



GiCfl^w 



a'(D-l) 



[(w,*/w) + (n,n;) + 2(JV-l)] 



(18) 
(19) 



where G M is the determinant of the metric without the /x'th diagonal element. In the above, the indices i = 1, ...,d 
run over the non-compact dimensions and a = 1, ...,p run over the compact ones. One thing to note from i|18|) is that 
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unwound strings with n a — w a — at the oscillator level TV = 1 do not contribute to the driving term (the right hand 
side) of the equation of motion for the compact dimensions. These states correspond to gravitons, but in general from 
the form of ©, we see that any matter which is pressureless along the compact dimensions (such as ordinary matter) 
and satisfies the equation of state (p — p/d) also does not contribute to the driving term for the compact dimensions. 

The above equations are somewhat artificial in that they apply to a universe filled with a string gas with a fixed 
set of quantum numbers. In general, one will have a string gas that consists of a superposition of strings with many 
different quantum numbers. In that case, the driving terms in the above equations of motion will become: 



3 



87rG£>A t o,n,«T 



f~i a' 3 / 2 



2~ b 2 



a'(D - 1 



[(w,*/w) + (n,w) + 2(N 
1)]" 



(D-l) 
[(w,jw) + (n,w) + 2(N 



(20) 
(21) 



The number densities po t n,w are determined by physical considerations. In the spirit of SGC and following the 
treatment given in we assume thermal equilibrium at the initial time (when the number densities are determined). 
In this case, we have 



(22) 



where the subscript 'ref ' refers to some reference state which we are free to pick at our convenience. One has to wonder 
what constitutes the thermal bath that is a pre-requisite for any thermodynamical treatment. We have already seen 
that gravitons and photons (matter which only exists in the non-compact dimensions) do not contribute to the driving 
term for the equations of motion for the 6 a 's, and are an ideal candidate for such a thermal bath. The tree level 



processes h 



w provide the appropriate interactions that thermally couple our stringy matter to this bath. 



With this in mind, (1221) implies that the driving term for the non compact dimensions becomes: 



8ttGdP 



ref 



,/3e r 



a' 



Ga 



n.w.N.p 2 



w.N .p 2 



i>}, 



2 b 2 



(D-l 



■[(w,iw) + (n,w) +2(N- 1)] 



(23) 



Where e is a dimensionless quantity (energy expressed in string units: e = ej \fa!) 1 which according to H12|l is a number 
of order unity for the lowest lying string states. 

With this realization of thermal equilibrium, were we to define the partition function as 



Z(f3,a,i,b a ) 



n : w, N,p 2 



-f3e(ai,b a 



then one could derive the components of the energy momentum tensor as follows (c.f. |2j): 

1 dZ 



Pi = 

Pa - 

E = 



1 dZ 

1 da,i 

1 dZ 

P a db~a 

-1 dZ 



1 dZ 



b a 



where (and in a similar way, E) is defined through the equation: 

,/3e re/ 



Pre ft 



G 



-Pa 



(24) 

(25) 
(26) 
(27) 

(28) 



We can use this to rewrite the condition that the driving term for equations of motion vanishes for any particular 
direction, as the action of a linear differential operator on Z: 



d 

'da u 



1 



d a \ 



d 



Z = 0. 



(29) 



One can then rephrase the question of whether or not stringy matter can stabilize extra dimensions in terms of the 
existence of solutions to this equation. Were we to find simultaneous solutions to this system of first order PDE's for 
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all compact directions (/i = a, for a given /3), we will have determined the nature and existence of stabilized extra 
dimensions. Although we will show further on that, in the particular regime we are interested in, we will have a much 
simpler means of proceeding, this method is certainly more general (though less tractable). It might be neccesary to 
resort to this method in high temperature regimes and in situations where the compactifications we study are not so 
straightforward. In fact, if all we arc interested in is proving the existence of stabilized extra dimensions, then one 
could imagine reformulating this question in terms of the existence of solutions to this PDE, for which a great deal is 
already known. 

However, since we are interested in late times (i.e. post dilaton stabilization), we find after inspection of i|23|) that 
the summation is actually quite tractable. Taking a closer look at the Boltzmann factor that weights all terms in the 
summation: 

e~^\ (30) 

we see that the argument of the exponential is the factor (3/y/a' multiplied by a term that is of order unity. Now for 
all string theories there exists a limiting temperature, known as the Hagedorn temperature |46|. which, independent 
of the particular theory, is always of the order \fa' |50l | : 



fa 



'a' . 



(31) 



If we set the string scale to be equal to the Planck scale, then we see that if the temperature is even slightly (let us 
say a factor of 10) below this scale, that is if: 



ft 



'a' 



> 10. 



(32) 



then any term in the summation H23|) which corresponds to an e which is anything other than zero will contribute 
vanishingly. Hence, the Boltzmann weight approaches a window function which projects out all but the massless 
modes in the summation. That is: 



n,w,N,p 2 



^n^w, N 7 p 2 



■[...] -+ A £[...] 



(33) 



and hence the sum becomes very easy to calculate. Note that the condition (|32[1 gives us an operational definition of 
'late times'. 

Turning to the question of evaluating the summation (|23[l in light of l|33|l . we first need to know which quantum 
numbers correspond to massless states for a given form of the metric 7 of the torus. To do this, suppose we start out 
with all toroidal dimensions compactified at the self-dual radius (7 = 7). Then the formula for the mass of a closed 
string in this background is given by (|13fl : 



1 r 

a 



(n + 10, n + w) + 4(7V - 1) , 

from which we read off that the massless states are those which simultaneously satisfy the following set of equations: 



(n + w,n + w) = 4(1 - N) 
N + (n, w) > 



(34) 
(35) 



where the last equation is the level matching constraint. We immediately see that the only possibilities for massless 
states at this radius (and as it turns out all others) are those with oscillator levels or 1. We catalogue the quantum 
numbers of all of these massless states below: 



N 


(n,n) 


(w, w) 


(n,w) 


1 











1 


1 


1 


-1 





1 


1 


1 





2 


2 








1 


3 








3 


1 








4 














4 
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It should be noted that the exact realisation of these massless modes depends on the number of extra dimensions 
available (e.g. for 1 or 2 extra dimensions, it is not possible to satisfy (w,w) = 3 etc.). Of most interest to us (for 
reasons to be made clear shortly) are the first four possibilities mentioned in the above table. The first possibility 
(N = l,n = w = 0) corresponds to unwound gravitons. These states do not contribute to the driving term for the 
compact directions (12311 at all. The second possibility (N = 1, n = ±w, (w,w) = 1) corresponds to singly wound 
strings with an equal and opposite quantum of momentum along the same dimension, at oscillator level 1. The third 
possibility (N = 0, n = w, («;, w) = 1) corresponds to a singly wound state at oscillator level zero, with one quantum 
of momentum of the same sign along the same dimension. The second class of states are all at oscillator level zero, 
and correspond to various multiply wound/unwound strings with/ without motion along various cycles of our torus. It 
turns out that if we consider the masses of states with the quantum numbers tabulated above as the metric fluctuates 
around the self dual radius, we find that only the first class of states (the first four in the above table) remain massless 
to first order. We see this by perturbing the metric as follows: 

7 = I — A 
T 1 =1 + A + ^A fe ||A|| < 1 

k=2 

where A is not neccesarily small, but has a matrix norm of less than 1 (so that 7 -1 can be written thus). Expanding 
the formula for the mass of a closed string, we get 

a'm 2 = (n,7 _1 n) + (w,jw) +2(n,w) + 4(N - 1) (36) 
= (n + w, n + w) + A(N - 1) - (w, Aw) + (n, An) + ^(rc, A k n) , (37) 

fc=2 

and hence, for the mass difference compared to the value for A = 0, 

a'Sm 2 = (n, An) - (w, Aw) + ^(n, A k n) . (38) 

k=2 

We see that only the first class of states remain massless to first order. For the first three sets of states, where the 
quantum number vectors n, w are equal to each other up to a sign, this is easy to see. For the states with quantum 
numbers given by N — 0, (n, n) = (w, w) = 2, (n, w) = 0, only the states with entries in the same rows have vanishing 
fluctautions. This is because the condition (n, w) = 0, in conjunction with (n,n) = (w,w) = 2 implies that these 
states either have no, or both entries in common. The contribution from the metric fluctations would be non- vanishing 
in the former case, but for the latter, states of the form below remain massless to first order: 



w 
w 
w 
w 



(1,1) n = ±(1,-1), 
(1,-1) n = ±(1,1), 
(-1,1) n = ±(1,1), 
(-1,-1) n = ±(1,-1), 



where we have only indicated the non- vanishing entries in the above. At late times, when (3/y/a' ^> 1, all states which 
do not remain exactly massless close to the self-dual radius are projected out of the summation (|23|l . To emphasize 
this point, let us consider an epoch when the temperature is two orders of magnitude below the Planck energy. Then 
the Boltzmann factor goes as e -100 for all states that are not exactly massless close to the self dual radius. We will 
show later that at exactly the self dual radius, the summation over all the remaining states tabulated above sums to 
zero, and hence their effects on the dynamics of the extra dimensions is vanishing. 

Now that we have determined the properties of the string states which will enter the summation (|23|l . we now 
have to compute their contribution to the driving term and sum over all the possiblities. Recalling that the unwound 
graviton states (N = l,n = w = 0) do not contribute to the driving term, we find that the contribution of the states 
with quantum numbers N = 1, n = ±iu, (w, w) = 1 to ll'-il) for the a th compact direction is: 



inGDHOref 



13/2 VG~ \Pn.c.\ 



D- 



T (E«2-f) 



(39) 



where if we take the reference energy to be precisely one of the massless states, the exponential prefactor in l|23f) 
cancels. The factor 2/|p n-c .| comes from the overall degeneracy of the states which can appear either as, for example 
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w = (0, 0, 0...1, 0...), n = (0,0,0... — 1,0...) or with the opposite signs, with the factor \p n . c ,\ coming from the factor 
of energy in the denominator in the summand in l|23ll . The states with quantum numbers N = 0, n = w, (w, w) = 1 
sum to yield an identical contribution to the driving term. It is straightforward to show that the states within the 
class N — 0, (n, n) — (w, w) — 2, (n, w) = 0, that remain massless to first order also yield a similar driving term, but 
now with the prefactor 8{p — 1), instead of 2. The factor p — 1 has the combinatorial origin of being the number of 
ways one can pick two entries to be identical out of p choices, and 8 corresponds to the overall degeneracy of these 
states (as indicated above). One might be worried that introducing such states with (w,w) = 2 might force us to 
consider off-diagonal elements for our toroidal metric 7 a b, as we now have strings that diagonally wrap the torus. It is 
in fact true that for a single diagonally wound string, the stress energy tensor will have off-diagonal components and 
that these should be matched by off diagonal elements in our toroidal metric. However, recall that we are considering 
a string gas, which at the point in moduli space we begin in = will consist of massless quantum numbers 
which will democratically wrap along all cycles of the torus with equal probablity. That is, singly wound strings will 
wind along all cycles of the torus with equal probability. In addition, strings wound around more than one cycle (such 
as the states with (w,w) = 2) will also wrap any given pair of cycles with equal probability. When we sum over all the 
quantum numbers, we will invariably encounter summing over states with winding number vectors that are opposite 
in sign, which results in the cancellation of off-diagonal entries in the net stress energy tensor (see appendix). [54|. 

Denoting X)c=i as {b,b), we then find that the total contribution to the driving term from states that remain 
exactly massless near the self dual radius is: 



8TrG D f i 0ref (8p - 4) 

q/3/2, 



^-~ b ° + D^T [ &~ b) - p] ]- (40) 



The condition for this driving term to vanish yields the solution which corresponds to a stabilization of the extra 
dimensions. This can also be interpreted as a global minimum of the potential for the radion with vanishing amplitude 
(thus avoiding the "no-go theorem for radion stabilization by Giddings [HlJ which studies local minima of the radion 
potential with positive value). The condition that the driving term vanish is: 

=j-^ + 7r^[(M)-p] = °- ( 41 ) 

We see that this can be recast as a quadratic equation for b a: where the coefficients are formally the same for all a. 
Hence, if a solution exists, it must be the same for all a. Thus we find that the extra dimensions are isotropically 
stabilized if they are stabilized at all. We now insert the ansatz appropriate to this observation (b a = A, Va) into the 
above to obtain the condition: 

h~ x2+ wH x2 -^ =Q - (42) 

Using the usual technique to solve a quadractic equation, we find a solution to be: 



Were we to define c = 2p/ (D — 1), we find that the above simplifies into the formula: 

Thus, we have shown that the extra dimensions are stabilized isotropically at the self-dual radius. 

To complete the analysis we need to show that the fixed point determined by (|44|) is indeed a stable equilibrium 
point. A quick way to see this is to observe that the potential which determines the radion dynamics is minimized at 
this point. This can also be seen by inserting the driving term ()40|) into (|20() . and expanding b a as b a = 1 + r a . Our 
equations of motion become: 

f a + f a (dH + £ f „) + ^ST-^' -[{D - 2)T a -]Tr c ] = 0, (45) 

where H is the Hubble factor in the d non-compact directions. Interpreting the driving term as d a V where the 
derivatives are taken with respect to T a , we find that the Hessian matrix (H a b = d a dbV), up to a (positive) factor, is 
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pven by: 



(D-2 -1 -1 
-1 D-2 -1 
-1 -1 D-2 



\ -1 



-1 



-1 



- 1 \ 

-1 

-1 
D-2) 



(46) 



where we remind the reader that this is a p-dimensional matrix. The eigenvalues of this matrix are D — l — p (= d— 1), 
and D—l, the former appearing once and the latter with a degeneracy of p — 1. These are all clearly positive, and 
hence we conclude that the fluctuations around the self-dual radius in all directions are indeed stable. 

Let us summarize the method and discuss the result. We determined the energy momentum tensor of a gas of closed 
strings and observed that only the massless string modes will be present in any significant number if we start the 
evolution in a hot thermal state (an observation that will also be crucial for the success of the late time phenomenology). 
We find that, after accounting for all the relevant states, their quantum numbers and their degeneracies, we end up 
with a driving term (|40|) for the radion fields which stabilizes any number of extra dimensions at the self-dual radius. 
This result is a non-trivial result since it was obtained in the setting of general relativity, i.e. with fixed dilaton. Thus, 
we have shown that SGC provides a mechanism for stabilizing extra dimensions in the present epoch. 

It is a natural question to ask whether or not it was neccesary to introduce stringy states in order to affect this 
stabilization, as one could imagine any such states which become massless at special points of moduli space could 
have the same effect. This question will certainly occupy us in future work. However at present, we wish to point out 
that (as we will see further on), it is a property peculiar to extended objects that we can obtain moduli stabilization 
in such a way as to be consistent with observational bounds from late times. 

We wish to end this section with a comment on the states which are massless at the self-dual radius but whose 
energy is not minimized at this point (the second class of quantum numbers in the previous table). Since they are 
tachyonic either for small or for large radii, they should probably be excluded from consideration from the outset. 
Even if they are included, however, we note that their effects cancel in the driving term of the compact dimensions 
at the self-dual radius. This can easily be seen by realising that these states appear in T-dual combinations (w n). 
Considering the driving term at the self-dual radius: 



IttG 



D^ref 



a 



'3/2, 



2 2 

n„ - w„ 



(D-l 



■[(w,w) + (n, w) + 2(N-l)} 



(47) 



we see that T-duality will ensure that the first two terms cancel each other in summing over all states. It is easy to 
check, after accounting for the correct degeneracies of each set of quantum numbers, that the factors grouped in the 
inner square brackets also sum to zero. This completes the demonstration of stabilization at the self dual radius. 



IV. SPACETIME DYNAMICS OF THE NON-COMPACT DIMENSIONS 



We would now like to consider the resulting cosmology for the non-compact dimensions after the extra dimensions 
have been stabilized (in this section, we will take d = 3 independent of the choice for D and p). Before we do this we 
would like to discuss several outstanding issues that should not be overlooked. Our first issue concerns an important 
consistency check concerning general relativity: we should check that our energy momenutum tensor is consistent 
with the covariant conservation of the Einstein tensor: 



0. 



This condition yields the following series of equations (one for each value of the index v in the above): 



d lP l = 
d a p a = 0. 



(48) 



(49) 

(50) 
(51) 



The first condition is none other than the continuity equation, and is trivially satisfied by l|15|) - (|17[) . This arises from 
the time derivative of p precisely cancelling the terms proportional to the Hubble factors. The remaining equations 
are also trivially satisfied as a consequence of the spatial homogeneity of our setup. 
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The second issue concerns the equation of state parameter for the pressure along the non-compact directions. We 
know from 1(16(1 that the pressure along the non-compact directions of this string gas is always positive. However, we 
see from ((17(1 that the pressure along the compact directions can be either negative or positive. If we want to avoid 
violations of the dominant energy condition (DEC) we must ensure that the equation of state parameter uj = p/p 
remains bounded from below: 



-l<w. (52) 

Consider now the relationship between 115(1 and 1)17(1 for the states that we have found give us stabilization (those 
with quantum numbers n — ±w, (w, w) = 1, N = 1 or n = w, (w, w) = 1, N = 0). If p a — uj a p, then 

1-2 12 

(53) 



ba 2 + bl - 2 + a'vl 



n.c. 



Since the string states we are considering are massless when the scale factor b a is at its self-dual value, they will have 
non-zero momentum along the non-compact directions, which will assume its thermal expectation value if we are in 
thermal equilibrium. If we are in a sufficiently hot regime, we can always ensure that oj a satisfies 

-1<w<1, (54) 

where, long after the stabilization has been achieved, and the ambient temperature has cooled down considerably, 
one has a robust stabilization mechanism that keeps the compact dimensions locked at the self dual radius, where the 
equation of state parameter vanishes. Hence we can easily arrange a situation where the DEC is not violated in our 
model even though the compact dimensions are undergoing damped bounces. This is a novel result in the context of 
GR and was uncovered first in our study of this model in the case where we only had one extra dimension |23| . 

Turning now to the issue of the resulting spactime dynamics of the non-compact directions, which we take to be 
homogenous and isotropic, we remind the reader of the Einstein equations applied to our anisotropic metric, Eq. JSJ. 
We consider a situation where the dominant matter component of the universe as a whole is in the form of radiation; 
that is, matter which has no pressure along the compact directions and which satisfies the equation of state 

p = p/3. (55) 

Considering the effect of this matter on the dynamics of the compact dimensions, we have 

b r . 



a + ba(iH + Y J jf)= 8irG D b a [ - ^—jdp + ^—jp] ■ (56) 



Thus, we see that such matter does not contribute to the dynamics of the compact dimensions. Hence, the stringy 
matter studied in the previous section will be the only factor at play in the dynamics of these dimensions, except of 
course for the Hubble damping factor due to the expansion of the large dimensions. To put it in another way, it is 
consistent with the stabilization mechanism we have studied to have radiation like matter drive the expansion of the 
non-compact dimensions. We see through ©, © and ((49(1 . that the standard FRW expansion of the non-compact 
dimensions results: 

* H 2 (57) 



8ttG 



D 



a 



a 



2H Z = 8ttG dP (58) 



p + 3H(p + p)=0. (59) 

Hence, it is easy to realise a post-stabilization radiation dominated FRW expansion of the universe. We can also 
obtain dust dominated evolution in our model, but this is not such a straightforward matter. In fact, obtaining a 
dust driven expansion results in a definite prediction of SGC: if string gases are indeed responsible for present day 
stabilization of extra dimensions in our model, then the dark matter will neccesarily have to be extra dimensional in 
nature. This issue was studied in |23| and we repeat the argument here. Considering JSJ for a compact dimension, 
any matter which only exists in the non-compact dimensions (p a = 0) which satisfies the equation of state p l = 
(i.e. all pressures vanish) will neccesarily lead to expansion of the compact directions and will derail any stabilization 
mechanism we might have had in place. Hence, if we take the dominant matter content of the universe to have the 
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equation of state of dust, then it must neccesarily exert pressure along the compact directions which satisfies the 
following equation of state when the compact dimensions are all at the self-dual radius: 

1 A „ 1 



i£p 6 +irrA = ^ =0 - (60) 



D 

6=1 

This implies, since we have isotropically stablized at the self-dual radius, that this matter satisfies the equation of 
state 

r = -p/(d-l) = -p/2, (61) 

where r is the pressure along any of the compact dimensions. There is a candidate within our framework for 3 large 
spatial dimensions (see 23]), namely the stringy states with the quantum numbers 

\p n . c .\ = Q,N = 2;n a = 0,w a = ±2. (62) 

It can easily be checked that such matter satisfies the required equation of state. These states contribute to the 
stability of the extra dimensions rather feebly when phenomenological bounds are accounted for |23[ . but preserve 
the stability of the extra dimensions nevertheless (the massless states being dominant in their contribution to the 
stabilization mechanism). Hence we can take these states as a candidate for the dark matter responsible for our 
present FRW expansion [55| 

The resulting FRW equations, once the extra dimensions have stabilized are given by: 

H 2 (63) 



8ttG 



D 

p + 3H(p + p) = (65) 

where p on the right hand ride of the above refers to the number of compact dimensions. Hence we have shown 
that any epoch of late time FRW cosmology can result from our model post stabilization. We now turn to a brief 
discussion of the phenomenology of this model. 



V. PHENOMENOLOGY 

Most of what is to appear in this section appears in [2j| , where the phenomenology of a string gas used to compactify 
one extra dimension at the self dual radius is discussed. Since the string modes used in this work are an immediate 
generalization of what was used in [23l | for one extra dimension to the case of many extra dimensions, the resulting 
phenomenological bounds on the scenario from the point of view of late time cosmology are the same. Since we plan 
to give a detailed study of the phenomenology of this model in a future work |40j , we here present only the briefest 
discussion. 

There are three key aspects to our phenomenology that we need to discuss: the first being that we would like not to 
overdose the universe with the fluid of closed strings (which behaves like hot dark matter from the 4-d perspective). 
The second aspect, is that we do not want to have too few of these strings such that the stabilization mechanism 
is ineffective. In words, we would like to show that it is possible to introduce an effective stabilization mechanism 
without overdosing the universe. The third aspect is that we do not want the dynamics of the extra dimensions from 
the 4-d perspective to introduce any long range scalar interactions (no fifth forces). 

As a starting point, consider (|45J) . which in normal coordinates has the form: 

f + 3HT + kT = . (66) 

The value for k (the spring constant) will differ by a factor of order unity depending on precisely which mode we 
are looking at, but for an order-of-magnitude estimate this factor is irrelevant. An upper and a lower bound on this 
spring constant result (in the case of the lower bound) from requiring that the stabilization mechanism be effective, 
and (in the case of the upper bound) from requiring that the metric varies on a time scale that is many orders of 
magnitude (let us say 10 6 ) longer than the string scale [23| (otherwise the effective field theory analysis would not 
be justified). The lower bound is given by the value for k which yields critical damping , k c = 9H 2 /4 and the upper 
bound by the string tension. Thus, we require 

9iJ 2 /4 < k < l(T 6 /( 27ra ') . (67) 
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From i|45|) this implies 

H>< 8 3 ff <fl, (68) 

neglecting factors of order unity. Using the relationship 

G D = G 3 x Vol TP = G 3 (2irVo7) p/2 (69) 

between the higher dimensional gravitational constant Gd and Newton's constant G 3 in our 3 + 1 dimensional space- 
time, and setting the string scale to the Planck scale implies 

2na' = G 3 . (70) 

Thus, l (58j l becomes: 

H 2 < Mo < 10' 6 m] 

~ a 3 \p n . c .\ - 2na' ■ [ ' 

Furthermore, from l)15|l we see that in order not to overdose the universe with these strings we require that the 
4-dimensional energy density (p4 = pd X Vol T p ) be several orders of magnitude less than the critical density: 

MO \Pn.C.\ , ln -4 

P = ; < 10 Peril ■ (72) 

ar 

Taking p crit = 10 -29 g / cm 3 , we find that this bound translates into 

Mo < 10- 4 10- 10 eV 4 |p„. c .|- 1 . (73) 
If we parametrize the momentum along the non-compact directions as 

\pn.c.\ = 10~~<eV = 10-~<eV, (74) 

then l|73(l becomes: 

po < 10 7 - 41 Gey 3 , (75) 
which is stronger than the upper bound in (|71J) . whereas the lower bound implies: 

Po > H 2 \ Pn . c .\ ~ W-^-tGeV 3 . (76) 

Hence, we conclude that: 

lcr 93- 7Gey 3 < Mo < iQ-^GeV 3 , (77) 

which is easily satisfied. The remaining constraint comes from requiring that from the perspective of the effective 4-d 
theory, the masses of the fluctuations are sufficiently high so as not to mediate long range 'fifth forces'. Observational 
bounds require the mass of these scalars to be greater than 10~ 12 GeV. Since the spring constant corresponds to the 
masses squared of these fluctuations, (|71|l implies that: 

po > lO-^GeV 3 , (78) 

which, in conjunction with l|77(l . leads to the condition 

10 -33- 7Gey 3 < Mo < i(T 41 +TGeU 3 . (79) 

This is easy to satisy for any 7 > 4. 

Hence, we have demonstrated that the stabilization mechanism, because of some very novel aspects of the string 
gas energy momentum tensor, not only offers a robust stabilization mechanism, but does so in a way that is phe- 
nomenologically consistent. That is, we can obtain this stabilization without overdosing the universe and violating 
any fifth force constraints. This is in marked difference with previous attempts at obtaining stabilizing effects for 
extra dimensions by introducing new fields- where the energy density that appears in the energy momentum tensor 
and the mass of the resulting scalar field (or the spring constant for the radion fluctuations) in the effective field 
theory are usually proportional to each other. We see that for stringy matter, they are markedly different in that 
P ^ |Pri.c.|j whereas k oc |p n .c.| • A more thorough study of the phenomenology of this scenario, where more issues 
(including a demonstration of the stability of this model to fluctuations) will be tackled, will the subject of a future 
report |40| . 
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VI. CONCLUSIONS 



In this report, we have studied the effects of a gas of closed strings on the dynamics of a homogeneous but anisotropic 
space-time described by General Relativity (fixed dilaton) where several dimensions are toroidally compactified. The 
modes that turn out to be relevant are the string modes which are massless at the self-dual radius. In the context 
of a hot early universe we show, based on thermodynamical considerations, that these are the dominant modes. 
We demonstrated that these modes lead to the isotropic stabilization of the extra dimensions, thus generalizing the 
results of [2§j which were derived in the case of only one extra dimension. We also showed that the dominance of these 
massless modes is crucial to the late-time phenomenological viability of the scenario, and leads to a scenario consistent 
with several observational bounds. We feel that this formalism is the begining of a promising avenue of research, which 
we believe may result in a complete and testable model of the universe. We already have promising indications that 
this framework is capable of modelling a non-singular bouncing cosmology |4lj . and potentially provides a stringy 
mechanism for the generation of metric fluctuations. Our ultimate hope is to extract testable predictions of this 
formulation of string gas cosmology, the prospects for which seem very promising. 
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APPENDIX A: THE STRING GAS ENERGY MOMENTUM TENSOR 



In this appendix, we derive the energy momentum tensor of a string gas from micro-physical considerations. That 
is to say, we first arrive at the space-time energy momentum tensor of a single string, after which we perform a 
hydrodynamical averaging to obtain the result for a string gas. We wish to comment that there are several non-trivial 
issues to address when considering string propagation on a time dependent background. Intuitively however, one is 
tempted to conclude that provided the metric of space-time is varying on time scales much longer than the string 
scale, we should be able to proceed (as we do here) in the 'adiabatic' approximation. We shall take this for granted 
in what follows, refering the reader to p3 | for a justification of this approximation. 

To begin with, consider the Nambu-Goto action for a single string: 



S 



2na' 



dray—h, 



(Al) 



with the worldsheet metric h a b defined by: 



h ab = g^{X)d a X»d b X v . (A2) 

The space-time metric, which in the above context is generically a function of the worldsheet fields A M , is assumed 
to have the form: 



ffoo = 3oo(A°), (A3) 

g l3 = %a 2 (A°), (A4) 

g ab = lab(X°). (A5) 

Variation of I|A1|1 with respect to gives us the spacetime energy momentum tensor through the expression: 



SS 

; Sg^ ' 



(A6) 
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Arbitrary variations of the background metric induce variations of the worldsheet metric in the following manner: 

6^g^ = 5yj D+1 (X T -y T ) - 5 Xf3 h ab = d a X x d b X' 3 5 D+1 {X T - z/). (A7) 

The unmatched indices A and f3 mean that we perturb only these components of the metric tensor, and S D+1 (X T — y T ) 
is a delta function in D + 1 space-time dimensions. This variation results in an expression for the energy-momentum 
tensor for a single string: 

T" u = -=^}- [ d 2 aV^hh ab d a X^d b X l/ 5 D+1 (X T - y T ). (A8) 

V-.g27ra' J 

We now pick a gauge to work in. We choose to work in conformal gauge, defined by: 

h ab = A f" 1 f) , (A9) 



v X y 

where we keep this up to an arbitrary positive factor. From (|A2I) . we see that this gauge choice implies the conditions: 

g^X^X" + 9llv X'»X lv = (A10) 

g^X^X'" = 0. (All) 

Even though we are in a (weakly) time-dependent background (in particular one that is not flat), it can be shown 
that one can still make this gauge choice simultaneous with the condition: 

X'° = 0, (A12) 

where the prime denotes differentiation with respect to the spacelike worldsheet co-ordinate. We will use these 
conditions repeatedly in what follows. 

Upon examining l|A8(l . we see that in order to make use of the delta functions in the integrand, one has to to use 
the following transformation: 

l2 dX°dX a . . . 

d 2 a = —. , (A13) 

\X°\\X' a \ y ' 

where X a is the string co-ordinate field along any wound compact direction (which one we pick will turn out to be 
insignificant). The terms in the denominator arise in the evaluation of the Jacobian of this transformation, subject to 
(|A12|) . Note that we picked the particular co-ordinates X° and X a because they are monotonic functions of cr° and 
a 1 respectively. Using the constraints IjAlOfl and (jAllfl . we see that: 



• W 



x =7^r PiPj+ ^ 9 ^ x ' lx ' 3 ' (A14) 



where we have used the fact that in conformal gauge, we have: 



p - - < A15 » 

The expression in the sqaure root in (|A14J| is given by the Lq constraint in our constraint algebra (see also 
and ljTU|> ). and is equal to the energy of the closed string: 



e = \l\Pd\ 2 + (n,7 _1 n) + + -^[2(n,u;) +4(JV- 1)], (A16) 

V Q! a' 
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where the worldsheet zero modes give us the contributions \pd\ for momentum along the non-compact directions, as 
well as the terms containing the winding and momentum quantum numbers for the compact dimensions. All the other 
Fourier modes give us the oscillator contributions. We can write the above as: 

• n 2ita' 

X a = e. (A17) 

V-500 

As for the second factor l|A13(l entering the Jacobian, we see that for any string wound w times around the a th 
direction: 



X' a = w a . (A18) 

Recall that one has to sum over all zeroes of the argument of the delta function along the a th direction when evaluating 
the integral l|A8j) . after implementing the change of variables l|A13(l . Thus the contribution (|A17|I is cancelled by the 
string winding w a times around the a th direction, as the argument of the delta function is zero precisely w a times. Note 
that this is how the choice of which cycle we take in evaluating the change of variable ends up being inconsequential. 
However, the choice is residually implicit in which of the wound co-ordinates X a remain in the D — 2 delta functions 
left over after integrating over the worldsheet. This will prove to be irrelevant after we hydrodynamically average to 
obtain the result for a gas of strings. Hence we evaluate l|A8|l- using the gauge fixing conditions and the results just 
obtained l|A14|l - (|A18|) ~ as: 

T„° - J- 5 D-l {X r _ fl (A19) 



e V9s 



K = -^y-\X^-tf\ (A21) 

e^fgl \ b a b c a' 2 J 

where g s is the determinant of the spatial part of the metric, and e is defined by 1|12[) . We now hydrodynamically 
average as follows: keeping the quantum numbers p 2 d , w, n and N fixed, we sum the contributions over a distribution 
of such strings, where the momentum along the non-compact directions is distributed isotropically. We note that 
according to (|12f> . a wound string with quantum number vectors w, ft will have the same energy as a string with both 
vectors with the opposite sign. Moreover, for diagonally wound strings, this energy will be the same were we to keep 
the winding number around any given cycle fixed, whilst winding around any other cycle oppositely, provided that we 
also reverse the sign of the momentum quantum number corresponding to that cycle (this is so that the term (n, w) 
remain invariant). Hence, the off diagonal terms in the above will cancel out when summing over a gas of strings. In 
this way, our hydrodynamical averaging results in the term (| A22I) dropping out, yielding (|15|l - i|17[) : 



Mo 



(A23) 

\Pd\ 2 /d, (A24) 



P« = ^§-^]. (A25) 

As is easily checked, we note that one would obtain this same result if one were to introduce the following action for 
the string gas: 

S = - { d D+1 x^j^^e . (A26) 
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